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THE PICARD GROUP OF SIMPLY CONNECTED REGULAR
VARIETIES AND STRATIFIED LINE BUNDLES
LARS KINDLER
Abstract. We prove that the Picard group of a regular simply connected
variety over an algebraically closed field of arbitrary characteristic is finitely
generated. The main difficulty to overcome is the unavailability of resolution of
singularities. From this we deduce that in positive characteristic there exist no
nontrivial stratified line bundles on such a variety, and we present a complex
analog.
1. Introduction
Let k be an algebraically closed field of characteristic p ≥ 0, and U a regular con-
nected k-scheme of finite type. Assume that U is simply connected, i.e. πe´t1 (U, u¯) = 1
for some geometric point u¯ of U . If there is a dominant open immersion of k-schemes
ι : U →֒ X , for some regular proper k-scheme X , then PicU is finitely gener-
ated. In fact, by the regularity assumptions we have surjections PicX → PicU
and π1(U, u¯) → π1(X, ιu¯), so X is also simply connected and it suffices to show
that PicX is finitely generated. By the properness of X the relative Picard func-
tor for X/k is representable by a k-group scheme PicX/k locally of finite type,
and the connected component of the origin with its reduced structure Pic0,redX/k is
an abelian variety. The Kummer sequence in e´tale cohomology then shows that
Pic0,redX/k [ℓ
n] = homcont(π1(X, ιu¯),Z/ℓ
nZ) = 1 for any prime ℓ 6= p. This implies
that Pic0X/k(k) is trivial, as for an abelian variety A of dimension g over k, we
know that A[ℓn] ∼= (Z/ℓnZ)2g. Hence the Picard group Pic(X) = PicX/k(k) is
equal to the Ne´ron-Severi group NS(X) := PicX/k(k)/Pic
0
X/k(k), which is finitely
generated.
The first main result of this note is a generalization of the above fact, proven in
Section 3.
Theorem 1.1. Let k be an algebraically closed field of characteristic p ≥ 0. If U is
a connected, regular, separated k-scheme of finite type, and if the maximal abelian
pro-ℓ quotient π1(U)
ab,(ℓ) is trivial for some ℓ 6= p, then PicU is finitely generated.
Note that it is not known in general, whether U as in the theorem can be
embedded into a regular proper k-scheme, because resolution of singularities is
not known to hold. To circumvent this, we use de Jong’s theory of alterations
and simplicial techniques. More precisely, in Section 2 we study the simplicial
Picard group and the simplicial Ne´ron-Severi group of a simplicial scheme X•, and
prove finiteness statements similar to the nonsimplicial case. This relies on results
of [Ram01] and [BVS01]. We apply these statements in Section 3 to prove the
theorem.
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As an application, we study in Section 4 stratified line bundles on U , i.e. line
bundles coming with a DU/k-action, whereDU/k is the sheaf of differential operators
of X . Extending an argument from [EM10], we prove the following statement.
Theorem 1.2. Let k be an algebraically closed field of characteristic p > 0. If
U is a regular, connected k-scheme of finite type such that the maximal abelian
pro-prime-to-p quotient π1(U)
ab,(p′) of π1(U, u¯) is trivial, then every stratified line
bundle on U is trivial.
In [EM10], this theorem is proven for stratified bundles of arbitrary rank, under
the additional assumptions that U is projective and π1(U) = 1.
Proving this theorem was the original motivation to study Theorem 1.1, and it
originated out of work for my thesis, in which possible extensions of the results of
[EM10] to non-projective varieties are studied.
Finally, in Section 5 we reproduce an argument of He´le`ne Esnault, showing that
a complex analog of Theorem 1.2 is “not quite” correct. More precisely, we show
that on a simply connected, regular, complex variety U , every stratified line bundle
is of the form (OU , d+ω), with ω a closed 1-form. The reason for this discrepancy
is that in positive characteristic, simply connectedness is a “stronger” condition
than in characteristic 0, see Remark 5.5.
Acknowledgment: I happily acknowledge, and express tremendous gratitude for
the great influence and generous help of my adviser He´le`ne Esnault.
2. Simplicial Picard Groups
For background on the simplicial techniques used in this section, we refer to
[Del74].
In [BVS01, 4.1] and [Ram01, 3.1], the simplicial Picard group and the simplicial
Picard functor are defined as follows:
Definition 2.1. Let S be a scheme. If δik : Xi → Xi−1 denote the face maps of
a simplicial S-scheme X•, then Pic(X•) is defined to be the group of isomorphism
classes of pairs (L, α) consisting of a line bundle L on X0 and an isomorphism α :
(δ10)
∗L → (δ11)
∗L on X1, satisfying cocycle condition (δ
2
2)
∗(α)(δ20)
∗(α) = (δ21)
∗(α)
on X2. The simplicial Picard functor PicX•/S is obtained by fpqc-sheafifying the
functor T 7→ Pic(X• ×S T ).
It turns out that Pic(X•) is canonically isomorphic to H
1(X•,O
×
X•
) and to the
group of isomorphism classes of invertible OX• -modules, see [BVS01, A.3]. We will
use the following representability and finiteness statements.
Theorem 2.2. Let k be an algebraically closed field, X a proper k-scheme of finite
type, and X• a proper, simplicial k-scheme of finite type (which means that all the
Xn are proper, and of finite type over k).
(1) The relative Picard functor associated to X → Spec k is representable by a
separated commutative group scheme PicX/k, locally of finite type over k,
which is the disjoint union of open, quasi-projective subschemes, see [SGA6,
Cor. XII.1.2].
(2) The Ne´ron-Severi group NS(X) = PicX/k(k)/Pic
0
X/k(k) is a finitely gener-
ated abelian group, see [SGA6, Thm. XIII.5.1].
(3) If X also normal, then the connected component Pic0X/k of the origin is
projective, see [Kle05, Thm. 5.4, Rem. 5.6], so passing to the reduced
structure Pic0,redX/k gives an abelian variety.
(4) The simplicial Picard functor is representable by a group scheme PicX•/k,
locally of finite type over k, see [Ram01, Thm. 3.2].
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(5) If Xn is reduced for all n, and X0 normal, then the connected component
Pic0,redX•/k of the origin is semi-abelian, see [Ram01, Cor. 3.5].
Statement 2 from above can be generalized to the simplicial situation. In the
case that char(k) = 0, this is sketched in [BVRS09, Sec. 3].
Proposition 2.3. Let k be an algebraically closed field. For a proper reduced sim-
plicial k-scheme X•, with Xn of finite type for all n and X0 normal, the simplicial
Ne´ron-Severi group NS(X•) := PicX•/k(k)/Pic
0
X•/k(k) is finitely generated.
Proof. Let τ : X• → Spec k denote the structure morphism. The spectral sequence
(see e.g. [Del74, (5.2.3.2)])
Ep,q1 = H
q(Xp,O
×
Xp
) =⇒ Hp+q(X•,O
×
X•
)
gives rise to the exact sequence
0 −→ E1,02 −→ H
1(X•,OX•) −→ E
0,1
2
d2−→ E2,02
and thus, as in [Ram01, p. 284], after sheafifying we get an exact sequence of
fpqc-sheaves (in fact group schemes by the representability of PicX•/k)
0→ T → PicredX•/k → K
d2→W,
where K := ker(δ∗0 − δ
∗
1 : PicX0/k → PicX1/k)
red,
T :=
ker((τ1)∗Gm,X1
δ∗0−δ
∗
1+δ
∗
2−→ (τ2)∗Gm,X2)
im((τ0)∗Gm,X0
δ∗
0
−δ∗
1−→ (τ1)∗Gm,X1)
,
and W is affine. The scheme T is an affine k-scheme with finitely many connected
components, and a k-torus as neutral component (compare [Ram01, top of p. 284]).
This follows from the fact that τn is proper and Xn reduced, since this implies that
for every k-scheme S we have τn,∗Gm,Xn(S) = O
×
Xn×kS
(Xn×kS) = Gm,k(S)π0(Xn),
see [EGA3, Prop. 7.8.6].
As X0 is normal, Pic
0,red
X0/k
is an abelian variety, and hence so is K0. Since W is
affine, any homomorphism K0 → W is trivial, so K0 ⊂ ker(d2)0. But ker(d2)0 ⊂
K0, so we have equality. Moreover, Pic0,redX•/k maps surjectively to K
0. This shows
that the kernel of the map
PicX•/k(k)/Pic
0
X•/k(k) = NS(X•)→ K(k)/K
0(k)
is
T (k) Pic0X•/k(k)
Pic0X•/k(k)
,
because, if L maps toM ∈ K0(k), then there is some L0 ∈ Pic0X•/k(k) also mapping
to M , and the difference is in T (k).
As T has only finitely many connected components, this kernel is finite.
The group K(k)/K0(k) maps to the group of connected components NS(X0)
of PicX0/k. The kernel of this map is (Pic
0
X0/k(k) ∩K(k))/K
0(k), which is finite,
as Pic0X0/k ∩K has only finitely many connected components, and the subgroup
K0 ⊂ Pic0X0/k is the neutral component of Pic
0
X0/k ∩K. Hence K(k)/K
0(k) is
finitely generated, because NS(X0) is finitely generated by Theorem 2.2. This
shows that NS(X•) is finitely generated.

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Recall that to an X-scheme X0 one can associate an X-augmented simplicial
scheme cosk0(X0)•, the 0-coskeleton, defined by taking cosk0(X0)n to be the n-
fold fiber product of X0 over X , with the necessary maps given by the various
projections (resp. diagonals) to (resp. from) cosk0(X0)n−1. The 0-coskeleton has
the following universal property: If Y• is a simplicial scheme with augmentation to
X , then there is a bifunctorial bijection homX(Y0, X0) ∼= homX(Y•, cosk0(X0)•).
In particular, if X• is a simplicial scheme, then there is a unique simplicial X-
morphism γ : X• → cosk0(X0)•, with γ0 = idX0 . For the general construction see,
e.g., [Del74, 5.1.1].
Lemma 2.4. If τ : X• → X is an augmented simplicial k-scheme such that Xn is
separated and of finite type over k for all n, and γ : X• → cosk0(X0)• the morphism
of augmented simplicial schemes such that τ0 = idX0 , then the kernel of the induced
morphism Pic((cosk0(X0)•)→ PicX• is finitely generated.
Proof. We have the following situation:
γ• : X• //
...
cosk0(X)•
...
X1
δi

γ1
// X ′0
pi

X0
OO
γ0=id

X0
OO

X X
where X ′0 := X0 ×X X0 and pi the projection to the i-th factor.
If (L, α : p∗1L
∼
→ p∗2L) ∈ Pic(cosk0(X0)•) pulls back to the trivial element in
Pic(X•), then there is some isomorphism β : L→ OX0 , such that the diagram
δ∗0L
γ∗1α
//
δ∗0β

δ∗1L
δ∗1β

OX1
id
OX1
commutes, and (p∗2β)α(p
∗
1β)
−1 is an automorphism ofOX′
0
, pulling back the identity
on X1. Hence (p
∗
2β)α(p
∗
1β)
−1 is an element of
ker(γ∗1 : Γ(X
′
0,O
×
X′
0
) −→ Γ(X1,O
×
X1
)).
Note that (p∗2β)α(p
∗
1β)
−1 = 1 if, and only if, (L, α) is already trivial in Pic(cosk0(X0)•).
Replacing β by βλ for some λ ∈ ker(δ∗0 − δ
∗
1 : Γ(X0,O
×
X0
) → Γ(X1,O
×
X1
)) gives
a new trivialization γ∗(L, α) ∼= (OX0 , id), and any trivialization can be reached like
this (trivializations of the line bundle L are a Gm-torsor, and to get a trivialization
of the pair γ∗(L, α) = (L, γ∗1α), the condition that 1 = (δ
∗
1λ)
−1(δ∗0λ) is necessary
and sufficient). Next, observe that p∗1 − p
∗
2 (or rather p
∗
1/p
∗
2) induces a map
ker(Γ(X0,O
×
X0
)
δ∗0−δ
∗
1−→ Γ(X1,O
×
X1
))→ ker(Γ(X ′0,O
×
X′
0
)
γ∗1−→ Γ(X1,O
×
X1
)).
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Putting all of this together, we see that we obtain an injective map
ker (Pic((cosk0X0)•)→ Pic(X•))
−→
ker(Γ(X ′0,O
×
X′
0
)
γ∗1−→ Γ(X1,O
×
X1
))
(p1 − p2)∗(ker(Γ(X0,O
×
X0
)
δ∗
0
−δ∗
1−→ Γ(X1,O
×
X1
))
.
This implies that ker(Pic(cosk0(X0)•) → Pic(X•)) is finitely generated. In fact,
pulling back units from k× by γ1 is injective, as k → Γ(X1,OX1) is injective. Thus
ker(Γ(X ′0,O
×
X′
0
)
γ∗1−→ Γ(X1,O
×
X1
)) →֒ Γ(X ′0,O
×
X′
0
)/k×, which is a finitely generated
abelian group. To see this we use the separatedness of X0 to ensure the existence of
a Nagata compactification of X ′0, so that we can apply, e.g., [Kah06, Lemme 1]. 
Proposition 2.5. Let U be a regular, connected k-scheme of finite type, and
τ : U• → U a smooth, proper hypercovering such that τ0 : U0 → U is an alter-
ation (i.e. proper, surjective and generically finite) and U0 is connected. Then the
kernel of τ∗ : PicU → PicU• is finitely generated. In particular, PicU• is finitely
generated, then so is PicU .
Proof. If V ⊂ U is the biggest open subset of U such that τ0 restricted to V0 :=
τ−10 (V ) is flat, then V 6= ∅, and the complement U \ V has codimension ≥ 2. In
fact, as U0 → U is surjective, for any η mapping to a codimension 1 point ξ ∈ U ,
the morphism OU,ξ → OU0,η is injective, so OU0,η is a torsion free OU,ξ-module.
But as U is regular, OU,ξ is a discrete valuation ring, so τ0 is flat at η, and ξ ∈ V .
Thus Pic(U) = Pic(V ), and τ0|V0 is faithfully flat.
Giving an element of Pic(cosk0(U0)•) is the same thing as giving an (isomorphism
class of) a pair (L, α) with L a line bundle on U0 and α a descent datum of L relative
to U .
Finally, we see that if a line bundle L on U pulls back to the trivial descent
datum, then restricting it to V0 and using faithful flatness shows that L|V is trivial,
so L is trivial, as U \ V has codimension ≥ 2. Hence PicU → Pic(cosk0(U0)•) is
injective, and by Lemma 2.4 this implies that the kernel of τ∗ : PicU → PicU• is
finitely generated. 
Proposition 2.6. Let j : U• → X• be a morphism of k-simplicial schemes, such
that
(1) Xp is regular and proper over k for every p,
(2) jp : Up →֒ Xp is an open immersion with dense image,
(3) the face maps Xi+1 → Xi map Xi+1 \ Ui+1 to Xi \ Ui.
Then the cokernel of the induced map j∗ : PicX• → PicU• is finitely generated.
Proof. Let KiX := H
0(Xi,O
×
Xi
) and make it into a complex of abelian groups
(KX , δ¯) via δ¯i :=
∑i+1
ℓ=0(−1)
ℓδ∗ℓ : K
i
X → K
i+1
X . Define KU in the analogous fashion
(where, to simplify notation, we write δi for the faces of X• and for the faces of
U•). Note that the complexes KX and KU have finitely generated cohomology
groups: For even i > 0 we have k× ⊂ im(δ¯i−1), so Hi(KX) = ker(δ¯i)/ im(δ¯i−1) is a
subquotient of Γ(Xi,O
×
Xi
)/k×, which is finitely generated, see e.g. [Kah06, Lemme
1]. The same argument holds for KU . For odd i, we have k
× ∩ ker(δ¯i) = 1, so
ker(δ¯i) →֒ Γ(Xi,O
×
Xi
)/k×, and hence Hi(KX) and H
i(KU ) are finitely generated
as well.
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The morphism j induces a morphism of spectral sequences
Ep,q1,X = H
q(Xp,O
×
Xp
) +3

H
p+q(X•,O
×
X•
)

Ep,q1,U = H
q(Up,O
×
Up
) +3 Hp+q(U•,O
×
U•
),
(note that KX = E
·,0
1,X , and similarly for KU ) from which we obtain the morphism
of short exact sequences
0 // E
1,0
2,X = H
1(KX) //

Pic(X•)
j∗

// ker(d2,X)

// 0
0 // E
1,0
2,U = H
1(KU ) // Pic(U•) // ker(d2,U ) // 0,
where d2,X is the differential
E0,12,X = ker(PicX0
δ∗0−δ
∗
1−→ PicX1) −→ H
2(KX) = E
0,2
2,X ,
and similarly for d2,U . Since H
1(KU ) is finitely generated, coker(H
1(KX) →
H1(KU )) is also finitely generated, so to finish the proof of the proposition, it
remains to show that coker(ker(d2,X)→ ker(d2,U )) is finitely generated.
Consider the diagram
0 // ker(d2,X) //

ker(PicX0
δ∗0−δ
∗
1−→ PicX1)
d2,X
//
φ0

im(d2,X) //

0
0 // ker(d2,U ) // ker(PicU0
δ∗0−δ
∗
1−→ PicU1)
d2,U
// im(d2,U ) // 0.
As im(d2,X) ⊂ H2(KX), we know that ker(im(d2,X) → im(d2,U )) is finitely gener-
ated, so by the Snake Lemma, to finish the proof it suffices to show that the middle
vertical map φ0 : E
0,1
2,X → E
0,1
2,U , φ0(L) = L|U0 from above has a finitely generated
cokernel.
By our regularity assumptions, we have for each i an exact sequence
0 −→ Yi −→ PicXi −→ PicUi −→ 0,
where Yi is the subgroup of PicXi generated by the classes of the (finite number
of) codimension 1 points of Xi \ Ui. In particular, this induces a map
ker(δ¯∗i : PicUi → PicUi+1) −→ Yi+1/δ¯
∗
iYi,
where δ¯∗i =
∑i+1
ℓ=0(−1)
ℓδ∗ℓ . Indeed, we may extend L ∈ ker(δ¯
∗
i : PicUi → PicUi+1)
to some L˜ ∈ PicXi, and map it to PicXi+1, where it has support contained in
Xi+1 \Ui+1, i.e. it is mapped to Yi+1. To get a well-defined map on PicUi, we have
to account for the choice of the extension of L to Xi, that is we have to divide out
by the image of Yi under δ¯
∗
i which is contained in Yi+1 by assumption 3.
Next, we show that the kernel of this map is precisely the image of the restriction
φi : ker(PicXi → PicXi+1) −→ ker(PicUi → PicUi+1).
If L ∈ ker(PicUi → PicUi+1) maps to δ¯∗iM , for some M ∈ Yi, then there is some
extension L˜ of L toXi, such that δ¯
∗
i (L˜⊗M
−1) ∼= OXi+1 , so L˜⊗M
−1 ∈ ker(PicXi →
PicXi+1). This shows L ∼= φi(L˜⊗M
−1), asM is supported on Xi \Ui. Conversely,
if some L ∈ ker(PicUi → PicUi+1) can be extended to L˜ ∈ ker(PicXi → PicXi+1),
then by definition L maps to 0 in Yi+1/δ¯i
∗
Yi.
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This finishes the proof: Specializing the last calculation to i = 1, we see that
coker(φ0) can be embedded into the finitely generated group Y1/(δ
∗
0 − δ
∗
1)Y0. 
3. The Picard Group of Simply Connected Varieties
By a simply connected scheme we mean an irreducible scheme X such that
πe´t1 (X, x¯) = 1 for some (or any) geometric point x¯ of X . Often we will suppress
notation of base points and write π1 for π
e´t
1 . If X is a k-scheme, for some field k,
then k is necessarily algebraically closed. We will mostly be interested in the case
char(k) = p > 0.
Proposition 3.1. If X is a normal, proper, connected k-scheme of finite type, such
that π1(X)
ab,(ℓ) = 1 for some ℓ 6= p, and X• → X a proper hypercovering with X0
normal, and Xn reduced for all n, then NS(X•) = Pic(X•). In particular, Pic(X•)
is finitely generated.
Proof. This is a consequence of cohomological descent: There is an isomorphism
0 = H1e´t(X,µn)
∼= H1(X•, µn,X•) (see e.g. [BVS01, Lemma 5.1.3]), so Pic
0
X•/k(k) =
Pic0,redX•/k(k) has no ℓ-torsion, and thus is trivial, as Pic
0,red
X•/k
is semi-abelian by The-
orem 2.2. In fact, if a semi-abelian variety has no ℓ-torsion, then it is an abelian
variety, as a nontrivial subtorus would have nontrivial ℓ-torsion. But an abelian
variety with trivial ℓ-torsion is trivial. Hence NS(X•) = Pic(X•) = PicX•/k(k).
This group is finitely generated by Proposition 2.3. 
We are ready to prove the first main theorem.
Proof of Theorem 1.1. By Nagata’s theorem there exists a proper variety X admit-
ting U as a dense open subscheme, and since U is normal we may assume X to
be normal. By [dJ96] there exists an augmented proper hypercovering X• → X
with Xn regular and proper over k, such that the part Zn of Xn lying over X \ U
is a strict normal crossings divisor. Write Un := Xn \ Zn. As U is connected
we can pick X• such that X0 and U0 are connected. Also note that π1(U)
ab,(ℓ)
surjects onto π1(X)
ab,(ℓ) (see, e.g., [SGA1, Prop. V.6.9]), so π1(X)
ab,(ℓ) = 1. We
have shown that PicX• is finitely generated (Proposition 3.1), that PicX• maps to
PicU• with finitely generated cokernel (Proposition 2.6) and that this implies that
PicU is finitely generated (Proposition 2.5). 
4. Stratified Line Bundles on Regular Simply Connected Varieties
We continue to denote by k an algebraically closed field of characteristic p ≥ 0.
Let U be a k-scheme. Grothendieck defined in [EGA4, §16] the sheaf DU/k
of differential operators of U over k. In characteristic 0, DU/k is (locally) the
enveloping algebra of OU and the sheaf of derivations DerU/k(OU ,OU ). This is
false in positive characteristic. For details, see e.g. [BO78, Ch. 2].
Definition 4.1. A OU -coherent module E is called stratified bundle, if E has a
DU -action, compatible with its OU -structure. A horizontal morphism of stratified
bundles E → E′ is a morphism of OX -modules, which is also a morphism of DU -
modules. A stratified bundle is trivial, if it is isomorphic to OnU for some n, and if
the DU -action is the sum of the canonical actions on OU .
Note that if U is regular, then a stratified bundle is automatically locally free,
[BO78, 2.17], which justifies the name.
In positive characteristic, Katz gives a nice description of stratified bundles.
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Theorem 4.2 (Katz, [Gie75, Thm. 1.3]). Let k be an algebraically closed field
of positive characteristic p. If U is a regular, finite type k-scheme, then the cate-
gory of stratified bundles on U is equivalent to the category of sequences of pairs
(En, σn)n∈N, where En is a locally free sheaf of finite rank on U , and σn an iso-
morphism F ∗En+1 → En, with F : X → X the absolute Frobenius.
A morphism (En, σn) → (E′n, σ
′
n) in the latter category is given by a sequence
morphisms φn : En → E′n compatible with the σn, σ
′
n.
A trivial stratified bundle is corresponds to a sequence of pairs (OU , idOU )n.
We will use this characterization to prove Theorem 1.2, but first we need a
statement about global functions on simply connected schemes.
Proposition 4.3. If U is a connected normal k-scheme of finite type, such that
the maximal abelian pro-ℓ-quotient π1(U)
ab,(ℓ) is trivial for some ℓ 6= p, then
H0(U,O×U ) = k
×. If k has positive characteristic p, and π1(U)
(p) = 1, then
H0(U,OU ) = k.
Proof. The argument for the first assertion is due to He´le`ne Esnault. Assume f ∈
H0(U,O×U )\k
×. Then f induces a dominant morphism f ′ : U → Gm,k ∼= A1k\{0}, as
f ′ is given by the map k[x±1]→ H0(U,OU ), x 7→ f , which is injective if, and only if,
f is transcendental over k. Thus f ′ induces an open morphism π1(U)→ π1(Gm,k),
see e.g. [Sti02, Lemma 4.2.10]. But under our assumption, the maximal abelian
pro-ℓ-quotient of the image of this morphism is trivial, so the image of π1(U) cannot
have finite index in the group π1(Gm,k), as in fact π1(Gm,k)
(ℓ) ∼= Ẑ(ℓ) = Zℓ.
For the second assertion, if f ∈ H0(U,OU ) \ k, then by the same arguments
as above, f induces a dominant morphism U → A1k, and hence an open map
π1(U) → π1(A1k). For k of positive characteristic it is known that π1(A
1
k) has an
infinite maximal pro-p-quotient (in fact it is a free pro-p-group of infinite rank: by
[Kat86, 1.4.3, 1.4.4] we have H2(π1(U),Fp) = 0, so π1(U)
(p) is free pro-p of rank
dimFp H
1(A1k,Fp) = #k). Thus the image of π1(U) in this group can only have
finite index, if π1(U)
(p) 6= 1. 
Remark 4.4. Proposition 4.3 gives a proof of the well known fact that over a field
k of positive characteristic, unlike in characteristic 0, no affine k-scheme of positive
dimension is simply connected.
Lemma 4.5. Let U be a connected normal k-scheme of finite type. If π1(U)
ab,(ℓ) =
1 for some prime ℓ 6= p, then the isomorphism class of a stratified line bundle
L = (Ln, σn)n is uniquely determined by the isomorphism classes of the Ln.
Proof. This follows from Proposition 4.3, and the argument is essentially contained
in the proof of [Gie75, Prop. 1.7]: Let M := (Mn, τn) be a second stratified line
bundle on U and un : Ln → Mn isomorphisms of OX -modules. We will construct
an isomorphism of stratified line bundles L→M . Consider the following diagram:
L0
u0 ∼=

σ0
// F ∗L1
M0
τ0
// F ∗M1
The automorphism λ := τ0u0σ
−1
0 F
∗(u−11 ) of F
∗M1 corresponds to a global unit
λ ∈ Γ(U,O×U ). By Proposition 4.3, U has only constant global units, so there is
a p-th root λ1/p of λ, which defines an automorphism of M1 such that F
∗λ1/p =
λ. Defining f0 := u0 and f1 := λ
1/pu1 gives the first two steps of defining an
isomorphism of stratified bundles f : L→M . We can continue this process. 
The following fact from group theory is elementary.
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Lemma 4.6. Let G be a finitely generated abelian group and p a prime number.
A nontrivial element L ∈ G is infinitely p-divisible if and only if L has finite order
prime to p.
We can now easily prove the main result of this section.
Proof of Theorem 1.2. This is an adaptation of an argument from the introduction
of [EM10]. By Lemma 4.5 we only need to show that the classes of Ln in PicU are
all trivial. Note that Ln is infinitely p-divisible in PicU for all n. For regular U as
in the assertion, we know from Theorem 1.1 that PicU is finitely generated, and
hence by Lemma 4.6 it follows that Ln is torsion of order prime to p in PicU . But
Kummer theory shows that PicU does not have nontrivial prime-to-p torsion.

5. A Complex Analog
In this section, we reproduce a complex analog of Theorem 1.2 due to He´le`ne
Esnault.
Definition 5.1. Let Pic∇(U) denote the group of isomorphism classes of pairs
(L,∇), where L is an invertible OU -module and ∇ an integrable connection on L.
The group structure is given by tensor product connections.
Remark 5.2. For a regular scheme over a field of characteristic 0, the notion of
stratified bundles is equivalent to the notion of vector bundles with integrable con-
nection.
Let Ω×U/C denote the complex of abelian sheaves in the Zariski topology
O×X
dlog
→ Ω1U/C → Ω
2
U/C → . . . ,
and note that we obtain a short exact sequence of complexes
0→ Ω≥1U/k → Ω
×
U/k → O
×
U → 0.
From this we obtain a homomorphism c˜1 : PicU → H2(U,Ω
≥1
U/k), which can be
described explicitly as follows: Let L ∈ PicU be a line bundle. As Ω≥1U/C is a
complex of coherent sheaves, we can compute its hypercohomology directly via
Cˇech theory. Let U = {Ui}i be an open affine covering of U trivializing L, such
that L|Ui = eiOUi , and eiξij = ej on Ui ∩ Uj =: Uij , with ξij ∈ O
×
Uij
(Uij). If
Cp(U ,ΩqU/C) =
∏
i1,...,ip
ΩqU/C(Ui1···ip) denotes the associated Cˇech double complex,
then c˜1 is induced by
L 7→ ((dlog ξij)ij , 0) ∈ C
1(U ,Ω1U/C)⊕ C
0(U ,Ω2U/C) = Tot
2(C•(U ,Ω≥1U/C)),
where Tot denotes the total complex of a double complex. From this description
it follows that c˜1, composed with the natural map H
2(U,Ω≥1U/k) → H
2(U,Ω•U/k) =
H2(U,C), is the usual complex first Chern class.
Proposition 5.3. If U is a regular, finite type C-scheme, then the natural mor-
phism Pic∇(U)→ Pic(U), (L,∇) 7→ L, fits in a short exact sequence
0→ H0(U,Ω1U/C,cls)/ dlogH
0(U,O×U )→ Pic
∇(U)→ ker(c˜1)→ 0,
where Ω1U/C,cls denotes the closed 1-forms.
Proof. Consider the map ϕ : H0(U,Ω1U/C,cls)→ Pic
∇(U) given by ω 7→ (OU , d+ω).
Every integrable connection on OU is given by d + ω for a closed 1-form ω, so
H0(U,ΩU/C,cls) maps onto the kernel of Pic
∇(U)→ PicU . The kernel of ϕ consists
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precisely of those 1-forms ω such that there is a λ ∈ O×U with d(1) = 0 = dλ+ λω,
i.e. ker(ϕ) = dlogO×U . We have proven that the sequence
0→ H0(U,Ω1U/C,cls)/ dlogH
0(U,O×U )→ Pic
∇(U)→ Pic(U)
is exact.
It remains to determine the image of Pic∇(U) → Pic(U). Let (L,∇) be a line
bundle with integrable connection. Let U = {Ui} be an open affine covering of U
trivializing L, such that L|Ui = ei, and eiξij = ej on Ui∩Uj =: Uij , with ξij ∈ O
×
Uij
.
We have seen that c˜1 is given by
L 7→ ((dlog ξij)ij , 0) ∈ C
1(U ,Ω1U/C)⊕ C
0(U ,Ω2U/C) = Tot
2(C•(U ,Ω≥1U/C)),
Now if we write ωi := ∇(ei) ∈ ΩU/C,cls(Ui), then we get on Uij
ωiξijej = ωiei = ∇(ei) = ∇(ξjej) = (ξijwj + dξij)ej
and thus ωi − ωj|Uij = dlog(ξij), which means that (L,∇) maps to ker(c˜1).
Conversely, if L is a line bundle with c˜1(L) = 0, then there is an open affine
covering U = {Ui} trivializing L with L|Ui = eiOU , and eiξij = ej on Uij , such that
c˜1(L) = ((dlog ξij)ij , 0) can be represented as ((ωi|Uij − ωj|Uij )ij , 0) ∈ C
1(Ω1U/C)⊕
C0(Ω2U/C), with ωi ∈ Ω
1
U/C(Ui). Defining ∇(ei) = ωi then defines an integrable
connection on L, so the image of Pic∇(U)→ Pic(U) is precisely ker(c˜1). 
Theorem 5.4. If U is a regular, finite type C-scheme, such that π1(U)
e´t,ab = 0,
then H0(U,Ω1U/C,cls)
∼= Pic∇(U), via the map ω 7→ (OU , d+ ω).
Proof. By Proposition 4.3 we have H0(U,O×U ) = C
×, so Proposition 5.3 shows
that it suffices to prove that ker(c˜1) = 0, and for this it is enough to prove that
c1 : PicU → H2(U,C) is injective.
Let L be a line bundle with c1(L) = 0. Let X be a regular compactification
of U , such that Y := X \ U is a normal crossings divisor, and choose an ex-
tension L ∈ PicX of L. Note that π1(X)ab = 1, and that this implies that c1 :
Pic(X) →֒ H2(X,C) is injective, as Pic(X) = NS(X) is a free abelian group of finite
rank. Thus c1(L) ∈ ker(H2(X,C) → H2(U,C)). Since π1(U)ab is trivial, we have
ker(H2(X,C) → H2(U,C)) = H2Y (X,C), and by purity H
2
Y (X,C)
∼=
⊕
i c1(Yi)C
(see [SGA4 12 , Cycle, 2.2.6, 2.2.8, 2.1.4]), if Y1, . . . , Yn are the regular components
of Y . This implies that there is some M ∈ Pic(X), such that M =
∑
i aiYi, with
c1(L⊗M) = 0, so M = L
−1
. But M |U = OU , so L = OU . 
Remark 5.5. The difference between Theorem 1.2 and Theorem 5.4 is related to
the failure of the second assertion of Proposition 4.3 in characteristic 0: There are
simply connected complex varieties U with nonconstant global functions, and on
such U the conclusion of Theorem 1.2 fails, as H0(U,Ω1U/C,cls) 6= 0.
On the other hand, from Deligne’s Riemann-Hilbert correspondence, we know
that there are no nontrivial regular singular stratified bundles on U .
References
[BO78] P. Berthelot and A. Ogus, Notes on crystalline cohomology, Princeton University Press,
Princeton, N.J., 1978. MR MR0491705 (58 #10908)
[BVRS09] L. Barbieri-Viale, A. Rosenschon, and V. Srinivas, The Ne´ron-Severi group of a proper
seminormal complex variety, Math. Z. 261 (2009), no. 2, 261–276. MR MR2457299
(2010a:14015)
[BVS01] L. Barbieri-Viale and V. Srinivas, Albanese and Picard 1-motives, Me´m. Soc. Math.
Fr. (N.S.) (2001), no. 87, vi+104. MR MR1891270 (2004d:14003)
[Del74] P. Deligne, The´orie de Hodge. III, Inst. Hautes E´tudes Sci. Publ. Math. (1974), no. 44,
5–77. MR 0498552 (58 #16653b)
THE PICARD GROUP OF SIMPLY CONNECTED VARIETIES 11
[dJ96] A. J. de Jong, Smoothness, semi-stability and alterations, Inst. Hautes E´tudes Sci.
Publ. Math. (1996), no. 83, 51–93. MR MR1423020 (98e:14011)
[EGA3] A. Grothendieck, E´le´ments de ge´ome´trie alge´brique. III. E´tude cohomologique des
faisceaux cohe´rents. II, Inst. Hautes E´tudes Sci. Publ. Math. (1963), no. 17, 91.
MR 0163911 (29 #1210)
[EGA4] , E´le´ments de ge´ome´trie alge´brique. IV: E´tude locale des sche´mas et des mor-
phismes de sche´mas., Publ. Math. IHES 32 (1967).
[EM10] H. Esnault and V. Mehta, Simply connected projective manifolds in characteristic p > 0
have no nontrivial stratified bundles, Inventiones Mathematicae 181 (2010), 449–465.
[Gie75] D. Gieseker, Flat vector bundles and the fundamental group in non-zero characteristics,
Ann. Scuola Norm. Sup. Pisa Cl. Sci. (4) 2 (1975), no. 1, 1–31. MR MR0382271 (52
#3156)
[Kah06] B. Kahn, Sur le groupe des classes d’un sche´ma arithme´tique, Bull. Soc. Math. France
134 (2006), no. 3, 395–415, With an appendix by Marc Hindry. MR MR2245999
(2007d:14052)
[Kat86] N. M. Katz, Local-to-global extensions of representations of fundamental groups, Ann.
Inst. Fourier (Grenoble) 36 (1986), no. 4, 69–106. MR 867916 (88a:14032)
[Kle05] S. L. Kleiman, The Picard scheme, Fundamental algebraic geometry, Math. Sur-
veys Monogr., vol. 123, Amer. Math. Soc., Providence, RI, 2005, pp. 235–321.
MR MR2223410
[Ram01] N. Ramachandran, Duality of Albanese and Picard 1-motives, K-Theory 22 (2001),
no. 3, 271–301. MR MR1837235 (2002e:14013)
[SGA1] Reveˆtements e´tales et groupe fondamental (SGA 1), Documents Mathe´matiques (Paris)
[Mathematical Documents (Paris)], 3, Socie´te´ Mathe´matique de France, Paris, 2003,
Se´minaire de ge´ome´trie alge´brique du Bois Marie 1960–61. [Algebraic Geometry Sem-
inar of Bois Marie 1960-61], Directed by A. Grothendieck, With two papers by M.
Raynaud, Updated and annotated reprint of the 1971 original [Lecture Notes in Math.,
224, Springer, Berlin; MR0354651 (50 #7129)]. MR 2017446 (2004g:14017)
[SGA4 1
2
] P. Deligne, Cohomologie e´tale, Lecture Notes in Mathematics, Vol. 569, Springer-
Verlag, Berlin, 1977, Se´minaire de Ge´ome´trie Alge´brique du Bois-Marie SGA 4 1
2
,
Avec la collaboration de J. F. Boutot, A. Grothendieck, L. Illusie et J. L. Verdier.
MR 0463174 (57 #3132)
[SGA6] The´orie des intersections et the´ore`me de Riemann-Roch (SGA 6), Lecture Notes
in Mathematics, Vol. 225, Springer-Verlag, Berlin, 1971, Se´minaire de Ge´ome´trie
Alge´brique du Bois-Marie 1966–1967, Dirige´ par P. Berthelot, A. Grothendieck et L.
Illusie. Avec la collaboration de D. Ferrand, J. P. Jouanolou, O. Jussila, S. Kleiman,
M. Raynaud et J. P. Serre. MR MR0354655 (50 #7133)
[Sti02] J. Stix, Projective anabelian curves in positive characteristic and descent theory for log-
e´tale covers, Bonner Mathematische Schriften, 354, Universita¨t Bonn Mathematisches
Institut, Bonn, 2002, Dissertation, Rheinische Friedrich-Wilhelms-Universita¨t Bonn.
Universita¨t Duisburg-Essen, Mathematik, 45117 Essen, Germany
E-mail address: lars.kindler@uni-due.de
